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Abstract Axially symmetric space-time is considered in the presence of cosmic string
source and thick domain walls in the frame work of a scale-covariant theory of gravitation.
A relation between metric potential is assumed to get a determinate solution of the field
equations of this theory. In this particular case, it is observed that the geometric (Nambu)
string p-string (Takabayasi string) and Reddy string do not survive. It is also seen that the
stiff (self-gravitating) domain walls do not exist in this theory.
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1 Introduction

Alternative theories of gravity have been extensively studied in connection with their cos-
mological applications. Noteworthy among them are scalar-tensor theories of gravitation
formulated by Brans and Dicke [1], Nordvedt [2] and Saez and Ballester [3]. In the Brans–
Dicke theory there exists a variable gravitational parameter. Canuto et al. [4] formulated a
scale-covariant theory of gravitation which also admits a variable G and which is a viable
alternative to general relativity [5, 6]. In the scale-covariant theory Einstein’s field equations
are valid in gravitational units where as physical quantities are measured in atomic units.
The metric tensors in the two systems of units are related by a conformal transformation

gij = φ2(xk)gij (1)

where in Latin indices take values 1, 2, 3, 4 bars denote gravitational units and unbar denotes
atomic quantities. The gauge function φ (0 < φ < ∞) in its most general formulation is a
function of all space-time coordinates. Thus, using the conformal transformation of the type
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given by (1), Canuto et al. [4] transformed the usual Einstein equations into

Rij − 1/2Rgij + fij (φ) = −8πG(φ)Tij + Λ(φ)gij (2)

where

φ2fij = 2φφi;j − 4φiφj − gij (φφk
;k − φkφk). (3)

Here Rij is the Ricci tensor, R the Ricci scalar, Λ the cosmological ‘Constant’, G the grav-
itational ‘constant’ and Tij , the energy momentum tensor. A semicolon denotes covariant
derivative and φi denotes ordinary derivative with respect to xi . A particular feature of this
theory is that no independent equation for φ exists. The possibilities that have been consid-
ered for gauge function φ are [4, 7]

φ(t) =
(

t0

t

)ε

, ε = ±1,±1/2 (4)

where t0 is constant. The form

φ ∼ t1/2

is the one most favored to fit observations [8, 9].
Also, the energy conservation equation for perfect fluid.

ρ4 + (ρ + p)ui
;i = −ρ4 + (Gφ)4

Gφ
− 3p

φ4

φ
(5)

is a consequence of the field equations (3) (Eq. (4) of Canuto et al. [4, 7]).
Canuto et al. [7], Beesham [10–12], Reddy and Venkateswarlu [13], Reddy et al. [14] and

Reddy and Venkateswarlu [15] have investigated several aspects of this theory of gravitation
with the perfect fluid matter distribution as source.

In recent years there has been a lot of interest in the study of alternative theories of
gravitation in the presence of cosmic string source and thick domain walls. Cosmic strings
and domain walls are the topological defects associated with spontaneous symmetry break-
ing whose plausible production site is cosmological phase transitions in the early universe.
A systematic survey of cosmic strings and other topological defects is presented by Vilenkin
and Shellard [16].

The gravitational effects of comic strings, both in general relativity and in the alterna-
tive theories of gravitation, have been extensively discussed by Vilenkin [17], Gott [18],
Letelier [19], Stachel [20], Krori et al. [21], Banerjee et al. [22], Tikekar and Patel [23],
Tikekar et al. [24], Rahaman et al. [25], Reddy [26, 27] and Reddy [28, 29]. So far a con-
siderable amount of work has also been done on domain walls. Vilenkin [30], Isper and
Sikivie [31], Widrow [32], Gotez [33], Mukherji [34] and Wang [35] are some of the au-
thors who have investigated several aspects of domain walls in general relativity. Recently,
Rahaman et al. [36], Rahaman [37], Rahaman and Mukherji [38] and Reddy and Rao [39]
have discussed thick domain walls in Lyra [40] geometry. It is evident from the literature
that axially symmetric space-time in the presence of cosmic string source and thick domain
walls has not been considered, so far, in scale covariant theory of gravitation. Hence, in this
paper, we investigate the axially symmetric cosmic strings and thick domain walls in the
scale-covariant theory of gravitation.
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2 Cosmic Strings

In this section, we discuss the non-existence of axially symmetric cosmic strings in the scale-
covariant theory of gravitation. Here we consider the energy-momentum tensor for cosmic
string source as

Tij = ρuiuj − λxixj (6)

where ρ is the rest energy density of the cloud of strings with massive particles attached to
them, ρ = ρp + λ, ρp being the rest energy of the particles attached to the strings and λ the
tension density of the system of strings. As pointed out by Letelier [19], λ may be positive or
negative, ui describes the cloud four-velocity and xi represents the direction of anisotropy,
i.e., the direction of strings.

We consider the axially symmetric space-time metric given by [41]

ds2 = dt2 − A2(t)[dχ2 + F 2(χ)dΦ2] − B2(t)dz2 (7)

with the convention X1 = χ , X2 = Φ , X3 = z, X4 = t and A and B are functions of the
proper time t alone while F is a function of the coordinate χ alone. Orthonormalisation
of ui and xi is given as

uiui = 1, xixj = 0, xixi = −1. (8)

In the commoving coordinate system, we have from (6)

T 4
4 = ρ, T 1

1 = T 2
2 = 0, T 3

3 = λ, T i
j = 0 for i �= j. (9)

The quantities ρ and λ depend on t only. Here the string source is along the z-axis which
is the axis of symmetry.

Now, with the help of (6), (8) and (9) the field equations (2), (3) and (5) for the metric (7),
with zero cosmological ‘constant’, can be written as

A44

A
+ B44

B
+ A4B4

AB
+ φ44

φ
+ B4φ4

Bφ
− φ2

4

φ2
= 0, (10)

2
A44

A
+

(
A4

A

)2

− 1

A2

(
F11

F

)
+ φ44

φ
+ 2

A4φ4

Aφ
− B4φ4

Bφ
− φ2

4

φ2
= 8πGλ, (11)

1

A2

(
F11

F

)
−

(
A4

A

)2

− 2
A4B4

AB
+ φ44

φ
− 2

A4φ4

Aφ
− B4φ4

Bφ
− 3

φ2
4

φ2
= −8πGρ, (12)

ρ4 + ρ

(
2A4

A
+ B4

B

)
+ λ

B4

B
= −ρ

(
G4

G

)
− (ρ − λ)

φ4

φ
(13)

where the suffix 1 and 4 after an unknown function denote differentiation with respect to χ

and t respectively.
The functional dependence of the metric together with (11) and (12) imply F11

F
= k2,

k2 = constant.
If k = 0, then F(χ) = (constant) χ , 0 < χ < ∞. This constant can be made equal to 1

by suitably choosing units for φ. Thus we shall have

f (χ) = χ (13a)
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resulting in the flat model of the universe [42]. Now the field equations (11) and (12) reduce
to

2
A44

A
+

(
A4

A

)2

+ φ44

φ
+ 2

A4φ4

Aφ
− B4φ4

Bφ
− φ2

4

φ2
= 8πGλ, (14)

(
A4

A

)2

+ 2
A4B4

AB
− φ44

φ
+ 2

A4φ4

Aφ
+ B4φ4

Bφ
+ 3

φ2
4

φ2
= −8πGρ. (15)

The field equations (10), (13), (14) and (15) are four equations in six unknowns A, B ,
φ, ρ, λ and G(φ). Hence to get a determinate solution we assume a relation between metric
potentials [41]

A = αB, α = constant (16)

and the equations of state of string model [19]

ρ = λ (geometric or Nambu string), (17)

ρ = (1 + ω)λ (p-string or Takabayasi string), (18)

and

ρ + λ = 0 (Reddy string [26, 27, 39]). (19)

Equations (10) and (14) on subtraction yield

A44

A
+

(
A4

A

)2

− B44

B
− A4B4

AB
+ 2

A4φ4

Aφ
− 2

B4φ4

Bφ
= 8πGλ. (20)

Using (16) in (19) we get

λ = 0. (21)

Using (20) in (17), (18) and (19) we get ρ = 0, which shows that in scale covariant
theory neither geometric (Nambu) string nor the p-string (Takabayasi string) survive. Hence
we observe that the geometric strings, p-strings and Reddy string do not exist in the scale
covariant theory of gravitation.

3 Thick Domain Walls

In this section we discuss the thick domain walls in the axially symmetric space time given
by (7). A thick domain wall can be viewed as a soliton like solution of the scalar field
equations coupled with gravity. There are two ways of studying thick domain walls. One
way is to solve gravitational field equations with an energy-momentum tensor describing a
scalar field Ψ with self interactions contained in a potential V (Ψ ) given by

ΨiΨj − gij [1/2ΨkΨ
k − V (Ψ )].

Second approach is to assume the energy momentum tensor in the form

Tij = ρ(gij + wiwj ) + pwiwj , wiwj = −1 (22)
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where ρ is the energy density of the walls, p is the pressure in the direction normal to the
plane of the wall and wi is a unit space-like vector in the same direction [36].

Here we use the second approach to study the thick domain walls in scale covariant
theory of gravitation. We, again, consider the axially symmetric metric given by (7). In the
commoving coordinate system we have from (21).

T 4
4 = T 1

1 = T 2
2 = ρ, T 3

3 = −p, T i
j = 0 for i �= j. (23)

Here pressure is taken in the direction of z-axis. The quantities ρ and p depend on t only.
Now, the field equations (2), (3) and (5) (with zero cosmological ‘constant’) for the met-

ric (7), with the help of (21), (22) and (13a) can be written as

A44

A
+ B44

B
+ A4B4

AB
+ φ44

φ
+ B4φ4

Bφ
− φ2

4

φ2
= 8πGρ, (24)

2
A44

A
+

(
A4

A

)2

+ φ44

φ
+ 2

A4φ4

Aφ
− B4φ4

Bφ
− φ2

4

φ2
= −8πGp, (25)

(
A4

A

)2

+ 2
A4B4

AB
− φ44

φ
+ 2

A4φ4

Aφ
+ B4φ4

Bφ
+ 3

φ2
4

φ2
= 8πGρ, (26)

ρ4 + (ρ + p)
B4

B
= −ρ

(
G4

G

)
− (ρ + p)

φ4

φ
. (27)

Equations (23–26) are a set of three independent equations in five unknowns A, B , p, ρ

and G(φ). Hence to get a determinate solution assume a relation between metric potentials
given by (15). We also assume the equation of state

ρ = p (28)

which represents self-gravitating or stiff domain walls. Now, subtracting (23) from (24) we
obtain

8πG(ρ + p) = B44

B
− A44

A
+ A4B4

AB
−

(
A4

A

)2

+ 2
B4φ4

Bφ
− 2

A4φ4

Aφ
(29)

using (16) in (28), we have

ρ + p = 0 or p = −ρ (30)

which leads to domain wall models in the accelerated universe dominated by a fluid with
negative pressure such that the strong energy condition is violated [42]. However since in
the standard cosmology a fluid of negative pressure violating the strong energy condition
does not cluster at large scale in the relativistic regime equation (29) and (27) together yield

ρ = 0 = p (31)

which shows that, stiff or self-gravitating domain walls do not survive in scale covariant the-
ory of gravitation in this particular case. It may be mentioned here that Reddy and Rao [39]
have presented axially symmetric cosmological models, which represent geometric string
and stiff domain walls in Lyra [40] geometry.
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4 Conclusions

The origin of structure in the universe is one of the greatest cosmological mysteries even
today. The exact physical situation at very early stages of the formation of our universe is
still known. Axially symmetric string models and domain walls play a vital role in under-
standing the formation of large scale structures in the universe Bhattacharya and Karade [41]
presented axially symmetric Nambu string and Takabayasi string (p-string) models in gen-
eral relativity. In this paper, we have shown that axially symmetric cosmic string models
which represent Nambu string (geometric string) p-string [19] and Reddy string [39] do not
survive in scale covariant theory of gravitation formulated by Canuto et al. [4, 7] when we
assume a relating between metric coefficients. We have also shown, in this particular case,
that self-gravitating or stiff domain walls do not exist.
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